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Abstract
We construct a new exact solution of the Einstein-Maxwell-Dilaton field equations
in five dimensions, which describes a system of two general charged and static black
holes sitting at the two turning points of the Taub-bolt instanton. We show that in this
case the conical singularities can be completely eliminated and the black hole system
remains in static equilibrium. We show how to recover some of the known solutions
in particular cases and also obtain as a new solution the extremal double-black hole
solution on the Taub-bolt instanton. Finally, we compute the conserved charges and
investigate some of the thermodynamic properties of this system.
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1 Introduction
There is no doubt that existence of black holes is one of the most important predictions of
Einstein’s General Theory of Relativity, since there is by now compelling evidence that such
objects exist in Universe. In four dimensions, black holes were shown to obey the so-called
‘no-hair’ theorem, which states that all regular asymptotically flat solutions of Einstein-
Maxwell equations are uniquely determined by their conserved asymptotic charges, such as
mass, angular momentum and electric charge; moreover they are given by the well-known
Kerr-Newman class of solutions. That means that any dynamical black hole that eventually
settles to a stationary state should actually be described by the Kerr-Newman solution.
The higher dimensional Schwarzschild-Tangherlini black hole and its rotating generaliza-
tion, the Myers-Perry solution have been long known [1, 2], yet only recently, with Emparan
and Reall’s discovery of the asymptotically flat black ring solution in five dimensions [3] (for
a review of the physics of black rings see [4]) one realized that the higher dimensional black
holes exhibit a much richer behaviour than their four dimensional counterparts (for recent
reviews on higher dimensional black holes see for instance [5, 6]). The rotating black ring
provided the first nontrivial example that known properties of the four-dimensional black
holes do not hold in higher dimensions [7]. Indeed, it was shown that in the case of four
dimensional asymptotically flat space-times as a consequence of topological censorship [8, 9]
all black holes should have spherical topology. However, in general dimensions, the spherical
topology of infinity does not constrain that of the black hole horizon [10]. For instance, in
five dimensions geometric considerations restrict the topology to those, such as S3, S2 × S1
and lens-spaces, that admit non-negative scalar curvature [11]. The black ring solution has
the S2 × S1 topology of the event horizon, with rotation along the S1 direction. Further-
more, the black ring can carry (in certain conditions) the same amount of mass and angular
momenta as the spherical Myers-Perry black hole [7]. Consequently, five-dimensional black
holes are not uniquely characterized by their mass and angular momenta; the uniqueness
theorems for black holes in four dimensions cannot be extended to the five dimensional case
without further assumptions of additional symmetry and specification of the rod structure
[12].
The derivation and the physical interpretation of the black ring solution was facilitated
by the use of the so-called generalized Weyl formalism [13, 14], which was specifically devel-
oped for geometries that in general d dimensions admit (d − 2)-commuting Killing vectors.
Following the discovery of the rotating black ring, its generalization to black Saturn [15] and
multi-black rings have been found in five dimensions [16, 17, 18, 19]. Concentric supersym-
metric black rings in five dimensions were first constructed in [20, 21].
In five dimensions, there also exist the so-called squashed Kaluza-Klein (KK) black holes,
whose horizon geometry is a squashed three-sphere [22, 23, 24, 25]. Their geometry is
asymptotic to a non-trivial S1 bundle over a four-dimensional asymptotically flat spacetime,
which is also the asymptotic geometry of the Kaluza-Klein magnetic monopole [26, 27].
The black holes in such backgrounds look five-dimensional in the near-horizon region, while
asymptotically they resemble four-dimensional objects with a compactified fifth dimension.
Again, uniqueness theorems for KK black holes are proven assuming additional symmetry
and specification of other invariants [28]. KK black hole solutions in presence of matter
2
fields were generally found by solving the Einstein equations by brute force. For instance, a
solution describing a static KK black hole with electric charge has been found in [29], and
the corresponding Einstein-Yang-Mills solution has been described in [30]. Remarkably, with
hindsight, many such KK solutions can be generated from known solutions by applying a
‘squashing’ transformation on suitable geometries [31, 32, 33, 34, 35, 36]. However, not all of
the KK black hole solutions can be generated by a squashing transformation; more general
KK black holes have been derived in the context of the minimal 5-dimensional supergravity
[37, 38, 39].
Even though the construction of vacuum rotating multi-black hole objects in five dimen-
sions can be accomplished by use of the inverse-scattering method (see for instance [40] and
references therein) one should note that in higher dimensions, by contrast to the single black
hole case, solutions describing general charged multi-black hole systems are more difficult
to derive. The main reason is that, except in the particular cases where the black holes are
extremal/supersymmetric [41, 42, 43, 44, 45, 46], the known solution generating techniques
lead to multi-black hole systems with charges proportional to their masses and, therefore,
they cannot describe the most general charged solution for which the masses and charges are
independent parameters. As is the case of the vacuum multi-black hole systems, progress in
constructing charged multi-black hole solutions has been so far restricted to five dimensions.
For example, an asymptotically flat solution describing a general double-Reissner-Nordstro¨m
solution has been recently constructed in [47], generalizing the uncharged solutions given in
[49]. The solutions describing the general charged and static black bi-ring and di-ring sys-
tems in five dimensions have also been studied in [48]. In spaces with KK asymptotics the
general solutions describing charged multi-black hole solutions have been studied in [50, 51].
For all these KK solutions, the background geometry, in absence of black holes is simply
a direct product of a trivial time direction with the self-dual (multi-)Taub-NUT instanton.
However, these are not the only possibilities for a background space-time geometry. Indeed,
based on previous work [52], in which they cast in Weyl form most of the gravitational in-
stantons in four dimensions, Chen and Teo introduced in [53] a new class of five-dimensional
black hole solutions, the so-called black holes on gravitational instantons. For these solu-
tions, in absence of black holes, the background is again a direct product of a time direction
with a four dimensional Ricci flat gravitational instanton. In particular, instead of the self-
dual Taub-NUT instanton one could use the so-called Taub-bolt instanton, which is also
an asymptotically locally flat gravitational instanton (similar to the Taub-NUT instanton)
having a space like direction with finite norm at infinity. As an example, in [53] it was
presented a new vacuum solution describing a black hole sitting on the Taub-bolt instanton.
The thermodynamics of its charged version has been recently investigated in [54].
In this paper we are primarily interested in constructing a charged double black hole
solution on background of the Taub-bolt instanton. The main motivation for this study was
to see if one could find a static configuration describing two general charged black holes
sitting at the turning points of the Taub-bolt instanton. Generically, in four and higher
dimensions, it turns out that the solutions describing multi-horizon objects are plagued by
unavoidable conical singularities. From a physical point of view, the presence of these conical
singularities is easy to understand: they are needed to balance the gravitational attraction
forces in between the black holes and also their electromagnetic interaction, in order to
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keep the system static. One way to balance the gravitational attraction is to add angular
momenta to the system. This is what happens in the black ring case since rotation is needed
there to keep the black ring from collapsing under its own gravity. In the same way one
can balance the black Saturn system or the more general rotating bi/di-rings systems in
five dimensions. Previous work [47, 48, 50, 51] showed that, in absence of rotation, the
electromagnetic interaction is not strong enough to balance the gravitational attraction in
between the black holes. To our surprise however, it turns out that the double black hole on
the Taub-bolt instanton can be equilibrated, even if the black holes are non-extremal. To
our knowledge, this is the first example of a general charged static double-black hole system
in equilibrium in five dimensions, without using Kaluza-Klein bubbles to balance the system.
The structure of this paper is organized as follows. We first briefly recall the results
of the solution generating technique given in [50] that will allow us to lift four-dimensional
charged static configurations to five dimensional Einstein-Maxwell solutions. In Section
3, as a check of the method, we show how one can recover the charged single black hole
solution sitting on the Taub-bolt instanton. As in [47, 50], in Section 4 we shall use the
general double Reissner-Nordstro¨m solution in four dimensions [55] as seed and lift it to five
dimensions to obtain the desired double black hole system on the Taub-bolt instanton. The
solution generating method extends easily to the more general case of Einstein-Maxwell-
Dilaton (EMD) gravity with arbitrary coupling constant, however, for simplicity reasons, in
this work we only consider the particular case of Einstein-Maxwell theory. In Section 4 we
also discuss some of the physical properties of this solution. Finally, we end with a summary
of our work and consider avenues for future research.
2 The solution generating technique
Let us recall here the main results of the solution generating technique used in [50]. The idea
is to map a general static electrically charged axisymmetric solution of Einstein-Maxwell the-
ory in four dimensions to a five-dimensional static electrically charged axisymmetric solution
of the Einstein-Maxwell-Dilaton (EMD) theory with arbitrary coupling of the dilaton to the
electromagnetic field. To this end one performs a dimensional reduction of both theories
down to three dimensions and, after performing a mapping of the corresponding scalar fields
and electromagnetic potentials of each theory, one is able to bypass the actual solving of
the field equations by algebraically mapping solutions of one theory to the other. More pre-
cisely, consider a static electrically charged solution of the four-dimensional Einstein-Maxwell
system with Lagrangian
L4 =
√−g
[
R− 1
4
F˜ 2(2)
]
, (1)
where F˜(2) = dA˜(1) and the only non-zero component of A˜(1) is A˜t = Ψ. The solution
to the equations of motion derived from (1) is assumed to have the following static and
axisymmetric form:
ds24 = −f˜ dt2 + f˜−1
[
e2µ˜(dρ2 + dz2) + ρ2dϕ2
]
, A˜(1) = Ψdt. (2)
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Here and in what follows we assume that all the functions involved in our solutions depend
only on coordinates ρ and z. As shown in [50], the corresponding solution of the Einstein-
Maxwell-Dilaton system in five dimensions with Lagrangian
L5 =
√−g
[
R− 1
2
(∂φ)2 − 1
4
eαφF 2(2)
]
(3)
where F(2) = dA(1) can be written as:
ds25 = −f˜
4
3α2+4dt2 + f˜
− 2
3α2+4
[
e2h
A2 − C2e4h (dχ+ 4ACHdϕ)
2 + (A2 − C2e4h)e 6µ˜3α2+4+2γ−2h(dρ2 + dz2)
+ρ2(A2 − C2e4h)e−2hdϕ2
]
, A(1) =
√
3
3α2 + 4
Ψdt, e−φ = f˜
3α
3α2+4 . (4)
Here A and C are constants, while h is an arbitrary harmonic function1, which can be chosen
at will. Note that h’s presence can alter the rod structure of the final solution along the χ
and ϕ directions. By carefully choosing the form of h, one can construct the appropriate
rod structures to describe the wanted configurations involving black holes sitting on the
Taub-bolt instanton. Once the form of h has been specified for a particular solution, the
remaining function γ can be obtained by simple quadratures using the equations:
∂ργ = ρ[(∂ρh)
2 − (∂zh)2], ∂zγ = 2ρ(∂ρh)(∂zh). (5)
Also, the function H is the so-called ‘dual’ of h and it is a solution of the following equation:
dH = ρ(∂ρhdz − ∂zhdρ). (6)
Solutions of the pure Einstein-Maxwell theory in five dimensions are simply obtained
from the above formulae by taking α = 0. For simplicity, in what follows, we shall focus on
this case.
3 Single black hole on the Taub-bolt instanton
For a single black hole in five dimensions, the starting point in our solution generating
technique will be the four-dimensional Reissner-No¨rdstro¨m solution, written here in Weyl
form [56]:
ds2 = −f˜dt2 + f˜−1[e2µ˜(dρ2 + dz2) + ρ2dϕ2], (7)
Ψ = − 4q
r2 + r3 + 2m
, f˜ =
(r2 + r3)
2 − 4σ2
(r2 + r3 + 2m)2
, e2µ˜ =
Y23
2r2r3
,
where we denote in general
ri =
√
ρ2 + ζ2i , ζi = z − ai, Yij = rirj + ζiζj + ρ2, (8)
1That is, it satisfies the equation ∇2h = ∂2h
∂ρ2
+ 1
ρ
∂h
∂ρ
+ ∂
2h
∂z2
= 0.
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while here a3 = −σ, and a2 = σ. Note that σ =
√
m2 − q2, where m denotes the mass and
q the electric charge of the black hole, while Ψ is the electric potential in four dimensions.
To obtain the charged black hole sitting on the Taub-bolt instanton, one simply has to
pick the following harmonic function:
e2h =
√
r2 + ζ2
r3 + ζ3
r1 + ζ1
r2 + ζ2
≡ r1 + ζ1√
(r2 + ζ2)(r3 + ζ3)
. (9)
where a1 > σ. The first factor corresponds to a ‘correction’ that has to be taken into account
for each black hole horizon in the four-dimensional seed solution, while the second factor
simply corresponds to a finite rod along the χ-direction, which starts at a2 and ends at a1.
By integrating (5) one simply obtains:
e2γ =
2
3
4
K0
√
Y12Y13
r1
1
(r2r3Y23)
1
4
, (10)
where K0 is a constant to be fixed later. The ‘dual’ of h can be easily found to be:
2
H =
1
4
[
r3 − ζ3 + r2 − ζ2 − 2(r1 − ζ1)
]
=
1
4
(r2 + r3 − 2r1) (11)
up to a additive constant factor. Then the final solution in five dimensions can be written
in the form:
ds2 = −f˜dt2 + F
Σ
(dχ+ ωdϕ)2 +
Σ
G
[
e2µ(dρ2 + dz2) + ρ2dϕ2
]
,
A(1)t =
√
3
2
Ψ, (12)
where we defined the following functions:
F = f˜−
1
2 e2h, G = f˜
1
2 e2h, Σ = A2 − C2e4h, e2µ = e 3µ˜2 +2γ , ω = 4ACH. (13)
So far the constants A and C were kept arbitrary. However, in order to have the right
asymptotics at infinity, it turns out that one has to impose the following condition A2 =
C2 + 1. To show that we constructed the solution describing the charged black hole sitting
on one of the turning points of the Taub-bolt instanton, let us consider for simplicity the
uncharged version of this solution. If one sets q = 0, then σ = m and one obtains:
f˜ =
r2 + ζ2
r3 + ζ3
, F =
r1 + ζ1
r2 + ζ2
, G =
r1 + ζ1
r3 + ζ3
. (14)
Let us consider the rod structure of this solution. Following the procedure outlined in
[52], note that there are three turning points that divide the z-axis into four rods:3
2In general, the dual of 1
2
ln(ri + ζi) is − 12 (ri − ζi), while the dual of 12 ln(ri − ζi) is − 12 (ri + ζi), where
ri =
√
ρ2 + ζ2i , ζi = z − ai and ai is constant.
3We are writing the vectors in the basis {∂/∂t, ∂/∂χ, ∂/∂ϕ}.
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• The first rod corresponds to z < a3 and it has the normalized direction:
l1 =
√
2
√
2
K0
(0, AC(2a1 − a2 − a3), 1). (15)
• For a3 < z < a2 one has a finite timelike rod that corresponds to the black hole horizon.
Its normalized rod direction is given by l2 =
1
kE
(1, 0, 0), where
kE =
(
K0
2
√
2A2
1
(a2 − a3)(a1 − a3)
) 1
2
(16)
is the surface gravity on the black hole horizon represented by this rod.
• For a2 < z < a1 one has a finite spacelike rod with normalized direction l3 =
1
kTB
(0, 1, 0), where
kTB =
1
2A2
√
K0
2
√
2
1
(a1 − a3)(a1 − a2) . (17)
• Finally, for z > a1 one has an semi-infinite spacelike rod with normalized direction
l4 =
√
2
√
2
K0
(0,−AC(2a1 − a2 − a3), 1). (18)
Take now K0 = 2
√
2 and let us pick the values of ai such that a3 = −cκ2, a2 = cκ2,
while a1 = κ
2, where κ > 0 and 0 ≤ c < 1 are constants. Converting to the C-metric-
like coordinates (see Appendix H of [14]) one can easily see that one recovers the vacuum
black hole solution on the Taub-bolt instanton found in [53], provided one picks A2 = 1
1−α2
and C2 = α
2
1−α2 . Note that A
2 = C2 + 1 as expected. Finally, to obtain a regular solution
describing a static black one on the Taub-bolt instanton one has to take α = ±
√
1−c2
2
such that
the rod directions become l1 = (0, 2n, 1), l2 =
1
kE
(1, 0, 0), l3 = (0, 4n, 0) and l4 = (0,−2n, 1),
where we defined the nut charge n = ±2κ2
√
1−c2
3+c2
. They correspond to a black hole with
surface gravity kE sitting on one of the two turning points of the Taub-bolt instanton.
In the charged case, taking a1 = R and K0 = 2
√
2 one obtains the normalized rod
directions as follows:
l1 = (0, 2n, 1), l2 =
1
kE
(1, 0, 0), l3 =
1
kTB
(0, 1, 0), l4 = (0,−2n, 1), (19)
where we defined n = ACR. Here the black hole surface gravity kE and kTB are given by:
kE =
1
A
σ
m+ σ
1√
(m+ σ)(R + σ)
, kTB =
1
2A2
1√
R2 − σ2 . (20)
The rod directions correspond to a Taub-bolt instanton if one takes kTB ≡ 14n . Replacing
now A2 = 1
1−α2 and C
2 = α
2
1−α2 and defining σ = cκ
2 and R = κ2, one is led to the same
regularity condition as in the uncharged case, namely α = ±
√
1−c2
2
.
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4 Double black hole on the Taub-bolt instanton
The aim of this section is to extend the results of the previous section and derive in closed
form the general charged solution describing a static system of double black holes situated
at the two turning points of the Taub-bolt geometry. To this end we shall use the four-
dimensional double Reissner-Nordstro¨m solution in the parameterization given recently by
Manko in [55]:
f˜ =
A˜2 − B˜2 + C˜2
(A˜+ B˜)2
, e2µ˜ =
A˜2 − B˜2 + C˜2
16σ21σ
2
2(ν + 2k)
2r1r2r3r4
, Ψ = − 2C˜
A˜+ B˜
, (21)
where:
A˜ = σ1σ2[ν(r1 + r2)(r3 + r4) + 4k(r1r2 + r3r4)]− (µ2ν − 2k2)(r1 − r2)(r3 − r4),
B˜ = 2σ1σ2[(νM1 + 2kM2)(r1 + r2) + (νM2 + 2kM1)(r3 + r4)]
−2σ1[νµ(Q2 + µ) + 2k(RM2 + µQ1 − µ2)](r1 − r2)
−2σ2[νµ(Q1 − µ)− 2k(RM1 − µQ2 − µ2)](r3 − r4),
C˜ = 2σ1σ2{[ν(Q1 − µ) + 2k(Q2 + µ)](r1 + r2) + [ν(Q2 + µ) + 2k(Q1 − µ)](r3 + r4)}
−2σ1[µνM2 + 2k(µM1 +RQ2 + µR)](r1 − r2)
−2σ2[µνM1 + 2k(µM2 −RQ1 + µR)](r3 − r4), (22)
with constants:
ν = R2 − σ21 − σ22 + 2µ2, k =M1M2 − (Q1 − µ)(Q2 + µ),
σ21 = M
2
1 −Q21 + 2µQ1, σ22 = M22 −Q22 − 2µQ2, µ =
M2Q1 −M1Q2
M1 +M2 +R
, (23)
while ri =
√
ρ2 + ζ2i , for i = 1..4, with:
ζ1 = z − R
2
− σ2, ζ2 = z − R
2
+ σ2, ζ3 = z +
R
2
− σ1, ζ4 = z + R
2
+ σ1. (24)
This solution is parameterized by five independent parameters and describes the superposi-
tion of two general Reissner-Nordstro¨m black holes, with masses M1,2, charges Q1,2 and R
the coordinate distance separating them. For a detailed discussion of its properties we refer
the reader to [55] and the references therein. Note that, in general, the function e2µ˜ can be
determined up to a constant and its precise numerical value has been fixed here by allowing
the presence of conical singularities only in the portion in between the black holes along the
ϕ axis. Consequently one has:
e2µ˜|ρ=0 =
(
ν − 2k
ν + 2k
)2
, (25)
for −R/2 + σ1 < z < R/2− σ2 and e2µ˜|ρ=0 = 1 elsewhere.
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To obtain a solution that describes two black holes sitting at the two turning points of
the Taub-bolt geometry, it turns out that one has to pick the following harmonic function:
e2h =
√
r3 + ζ3
r4 + ζ4
r2 + ζ2
r3 + ζ3
√
r1 + ζ1
r2 + ζ2
≡
√
(r1 + ζ1)(r2 + ζ2)
(r3 + ζ3)(r4 + ζ4)
. (26)
The first and the third factors in the first equality correspond to the corrections associated
to the black hole horizons in the four-dimensional seed solution, while the middle term
corresponds to a finite rod along the χ-direction, which starts at a3 and ends at a2. One can
now easily integrate (5) and obtain:
e2γ =
2
K0
(
Y13Y14Y23Y24
r1r2r3r4Y12Y34
) 1
4
. (27)
Up to a constant term, the ‘dual’ of h is given by H = 1
4
(r3 + r4 − r1 − r2). Then the final
five-dimensional solution is given by:
ds2 = −f˜dt2 + F
Σ
(dχ+ ωdϕ)2 +
Σ
G
[
e2µ(dρ2 + dz2) + ρ2dϕ2
]
,
A(1)t =
√
3
2
Ψ, (28)
where again the metric functions are defined as in (13). In order to have the right asymptotic
behaviour, one has to set A2 = C2 + 1.
4.1 The rod structure
Before we discuss some of its physical properties, let us consider first the rod structure of
this general solution. Following the procedure given in [14, 52], one deduces that the rod
structure is described by four turning points that divide the z-axis into five rods:
• For z < a4 one has a semi-infinite spacelike with normalized direction
l1 =
√
2
√
2
K0
(0, 2ACR, 1). (29)
• For a4 < z < a3 one has a finite timelike rod that corresponds to the first black hole
horizon. Its normalized rod direction is given by l2 =
1
k
(1)
E
(1, 0, 0), where
k
(1)
E =
√
K0
2
√
2
p1
A
[(
ρf˜−1eµ˜
)
|(1)ρ=0
]− 3
4
(30)
is the surface gravity on the black hole horizon represented by this rod.
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• For a3 < z < a2 one has a finite spacelike rod with normalized direction l3 =
1
kTB
(0, 1, 0), where
kTB =
1
2A2
√
K0
2
√
2
(
ν + 2k
ν − 2k
) 3
4 1[
((R + σ2)2 − σ21)((R− σ2)2 − σ21)
] 1
4
. (31)
• For a2 < z < a1 one has a finite timelike rod, corresponding to the second black hole
horizon. Its normalized rod direction is found to be l4 =
1
k
(2)
E
(1, 0, 0), where
k
(2)
E =
√
K0
2
√
2
p2
A
[(
ρf˜−1eµ˜
)
|(2)ρ=0
]− 3
4
(32)
is the surface gravity of the black hole horizon corresponding to this rod.
• Finally, for z > a1 one has an semi-infinite spacelike rod with normalized direction
l5 =
√
2
√
2
K0
(0,−2ACR, 1). (33)
Here we defined the following quantities:
p1 =
(
σ1
(R + σ1)2 − σ22
) 1
4
, p2 =
(
σ2
(R + σ2)2 − σ21
) 1
4
, (34)
while for each black hole horizon one has [57]:
(
ρf˜−1eµ˜
)
|(1)ρ=0 =
[
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]2
σ1[(R + σ1)2 − σ22]
,
(
ρf˜−1eµ˜
)
|(2)ρ=0 =
[
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]2
σ2[(R + σ2)2 − σ21]
. (35)
Let us pick now K0 = 2
√
2 and further define the nut charge n = ACR. Then one obtains
the rod structure of the Taub-bolt instanton if one sets:
C = A
(
ν − 2k
ν + 2k
) 3
4
[
((R + σ2)
2 − σ21)((R − σ2)2 − σ21)
] 1
4
2R
, (36)
such that the rod directions outside the black hole horizons become l1 = (0, 2n, 1), l3 =
(0, 4n, 0) and l5 = (0,−2n, 1), characteristic of the Taub-bolt instanton background. Fi-
nally, to ensure regularity of the background geometry, the following identifications of the
coordinates (χ, ϕ) have to be made [53]:
(χ, ϕ)→ (χ+ 4nπ, ϕ+ 2π), (χ, ϕ)→ (χ + 8nπ, ϕ). (37)
Together with the asymptotic condition A2 − C2 = 1, the relation (36) completely fixes the
values of the constants A and C in terms of the physical parameters appearing in the final
solution.
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4.2 Particular cases
Consider first the limit in which the second black hole is absent. For future convenience,
perform a shift z → z −R/2 of the z coordinate such that one centers on the horizon of the
first black hole. This amounts to taking M2 = Q2 = 0, that is r1 = r2. Since in this case
the four-dimensional seed reduces to the single Reissner-Nordstro¨m black hole, it should be
clear that using the expressions of e2h and e2γ in (26) and (27) one recovers the charged
single black hole solution from the previous section.
Another limit of interest is the extremal limit. This can be achieved by setting Qi = ǫMi,
where ǫ = ±1, for each i = 1, 2. This leads to σ1 = σ2 = k = µ = 0 and, in consequence, in
this limit r1 = r2 while r3 = r4. Now, once we have σ1 = σ2 = 0 then (21) becomes:
f˜e =
(
1 +
M1
r3
+
M2
r1
)−2
, e2µ˜|e = 1, A(1)t = −
√
3
2
(
1 +
M1
r3
+
M2
r1
)−1
. (38)
Finally, if r1 = r2 and r3 = r4 then:
e2h =
r1 + ζ1
r3 + ζ3
, e2γ =
Y13
2r1r3
, ω = 2AC(r3 − r1), Σ = A2 − C2
(
r1 + ζ1
r3 + ζ3
)2
, (39)
where r1 =
√
ρ2 + (z − R
2
)2 and r3 =
√
ρ2 + (z + R
2
)2. Gathering up all these results, the
solution describing a pair of extremal black holes sitting at the two turning points of the
Taub-bolt instanton can be written as:
ds2 = − dt
2(
1 + M1
r3
+ M2
r1
)−2 +
(
1 +
M1
r3
+
M2
r1
)[
e2h
Σ
(dχ+ ωdϕ)2 +
Σ
e2h
[
e2γ(dρ2 + dz2) + ρ2dϕ2
]]
,
A(1)t = −
√
3
2
(
1 +
M1
r3
+
M2
r1
)−1
. (40)
To show that the background geometry corresponds indeed to the regular Taub-bolt instan-
ton, we shall perform the following coordinate transformations [52]:
ρ =
√
(r −m)2 − R
2
4
sin θ, z = (r −m) cos θ. (41)
with R
2
≡ √m2 − n2, where m and n are the mass and nut charge of the four-dimensional
background geometry. After imposing the asymptotic condition A2 = C2 + 1, it turns out
that the background geometry described by (39) can be written in the Taub-NUT-like form:
ds2(4) = f(r)(dχ+ 2n cos θdϕ)
2 +
dr2
f(r)
+ (r2 − n2)(dθ2 + sin2 θdϕ2),
f(r) =
r2 − 2mr + n2
r2 − n2 , (42)
if one picks C2 = m−
√
m2−n2
2
√
m2−n2 . Recall now that according to (36) one has to take C =
A
2
to
have the right rod structure of the final five dimensional solution. Solving the constraints one
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obtains A2 = 4
3
and C2 = 1
3
, while the nut charge becomes n = A
2R
2
= 2R
3
. Keeping in mind
the above expression of R in terms of m and n, it is easy to see that this condition amounts
to taking m = 5|n|
4
, which is in fact the regularity condition of the Taub-bolt instanton.
In conclusion, we have shown that the extremal solution (40) correctly describes a pair of
extremal black holes in equilibrium, situated at the two turning points of the Taub-bolt
instanton.
4.3 Conserved charges and thermodynamics
The asymptotic region is found after performing the coordinate transformations:
ρ = r sin θ, z = r cos θ. (43)
and taking the limit r → ∞. In general, the conserved charges are encoded in the asymp-
totic expansions of the metric functions. For geometries that asymptote to that of the KK
monopole, to compute the conserved charges one possibility is to use the counter-terms
method, as described for instance in [58] or [59].
One finds the total conserved mass and the gravitational tension to be given by:
M = L
4G
[
3(M1 +M2) +R(1 + 2C
2)
]
, T = R(1 + 2C
2)
2G
, (44)
where G is the gravitational constant in five dimensions, while L = 8πn is the length of the
χ circle at infinity. The total charge is computed by using Gauss’ formula, with the result:
Q =
√
3(Q1 +Q2)L
4G
. (45)
One can also compute the individual charges, for each black hole horizon and one finds:
Qi =
√
3QiL
4G
. (46)
Note that the total charge is the sum of the individual black hole charges, as expected:
Q = Q1 +Q2. The electric potential on each black hole horizon can also be computed
ΦiH = −A(1)t|horizon =
√
3
(
Mi − σi
Qi
)
. (47)
One can also relate the five dimensional areas of each black hole horizon to the cor-
responding areas of the black hole horizons in the four dimensional seed solution. More
precisely, in four dimensions, the area of each black hole horizon can be expressed as [57]:
Ai(4) = 4πσi
(
ρf˜−1eµ˜
)
|iρ=0, (48)
where for each black hole horizon the quantities
(
ρf˜−1eµ˜
)
|iρ=0 are given in (35). For the
final five-dimensional solution the area of each black hole horizon can be written as:
Ai(5) = 4πσiL
[
(ρf˜−1eµ˜)|iρ=0
] 3
4
(
(ρ
1
2 e2γ−2hΣ)|iρ=0
) 1
2
. (49)
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Here Σ|ρ=0 = Σ0 = 1 + C2, while near each black hole horizon one can expand:
e2h−2γ|i = (pi)2√ρ+O(ρ), (50)
where the constants pi have been previously defined in (34). Using (49) one finds the par-
ticularly simple expressions:
A1(5) = 4π
√
1 + C2L
([
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]3
(R + σ1)2 − σ22
) 1
2
,
A2(5) = 4π
√
1 + C2L
([
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]3
(R + σ2)2 − σ21
) 1
2
. (51)
Finally, the Hawking temperature for each black hole horizon is computed using its definition
in terms of the surface gravity ki. Specifically, one finds:
ki =
pi√
Σ0
[(
ρf˜−1eµ˜
)
|iρ=0
]− 3
4
, (52)
such that the Hawking temperature of each black hole is given by Ti =
ki
2pi
. As a check of
our computation, note that the surface gravities computed here agree with those appearing
in the normalization of the rod directions, as expected. Note now the simple relation:
Ai(5)ki
8πG
=
Lσi
2G
, (53)
which can be used to prove a simple Smarr relation for this system. To this end, one has to
compute the so-called Komar mass:
MK = − 1
16πG
3
2
∫
S
α, (54)
where S is the boundary of any spacelike hypersurface and:
αµνρ = ǫµνρστ∇σξτ , (55)
with the Killing vector ξ = ∂/∂t. This quantity is a measure of the mass contained in S,
and if we take S to be the squashed three-sphere at infinity enclosing both horizons then
(54) gives the total Komar mass of the system:
MK =
3(M1 +M2)L
4G
, (56)
while the Komar mass of each individual black hole is obtained by performing the above
integration at the respective black hole horizon M iKomar =
3Lσi
4G
. At this point, let us note
that the relation 2MK = 2M − T L is satisfied for this multi-black hole configuration.
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Putting all things together, one arrives to the following Smarr relation for the double black
hole system on the Taub-bolt instanton:
2M−T L = 2MK = 3
(
A1(5)k1
8πG
+
A2(5)k2
8πG
)
+ 2Φ1Q1 + 2Φ2Q2. (57)
Also, one can readily check the individual Smarr relayions for each black hole component:
2M
(i)
K = 3
(
Ai(5)ki
8πG
)
+ 2ΦiQi, (58)
where M
(i)
K =
3MiL
4G
. Thus one can regard M
(i)
K as the individual mass of each black object,
containing an electromagnetic contribution apart from the Komar piece.
5 Conclusions
In this work we made use of a solution generating technique to derive a new exact solution
describing a general charged double black hole configuration on the Taub-bolt instanton.
This method has been previously used in [50, 51] to obtain exact solutions describing general
configurations of charged black holes in five dimensional spaces whose asymptotic geometry
resembles that of the KK magnetic monopole. In the first part of this paper, in section 3
we were able to re-derive a previously known solution describing a static charged black hole
sitting on one of the two turning points of the Taub-bolt gravitational instanton. In section
4 we generalized this construction by using the four dimensional double Reissner-Nordstro¨m
solution as seed [55]. We showed that one can pick the parameters such that the conical
singularities are avoided and the rod structure of the final solution resembles that of the
Taub-bolt instanton. Finally, by using a counter-terms method we computed the conserved
charges and showed that a Smarr relation is satisfied in this case.
As a general feature, in four and five dimensions, solutions describing multi-horizon
objects are plagued by unavoidable conical singularities. From a physical point of view, the
presence of these conical singularities is to be expected since they are needed to balance
the gravitational attraction forces in between the black holes and their electromagnetic
interaction, in order to keep the system static. Previous work [47, 48, 50, 51] showed that
in absence of rotation the electromagnetic interaction is not strong enough to balance the
gravitational attraction in between the black holes and the conical singularities cannot be
avoided. On the other hand, even if the solutions containing conical singularities appear to
be singular at those points, such systems can still have a well-defined gravitational action
[60, 61, 62, 63]. This means that such multi-black hole solutions with conical singularities
might still admit a reasonable and well-defined thermodynamic description. For spaces with
KK asymptotics, this has been explicitly checked in [51]. In the present context, it turns
out that the double black hole on the Taub-bolt instanton can be equilibrated, even if the
black holes are non-extremal. To our knowledge, this is the first example of a general charged
static double-black hole system in equilibrium in five dimensions, without using Kaluza-Klein
bubbles to balance the system.
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As avenues for further work, it would be interesting to consider more general configura-
tions, containing black holes and black rings. For example, one should be able to construct
a solution describing a black ring on the Taub-bolt instanton and study its properties. Work
on this subject is currently in progress and it will be reported elsewhere [64].
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